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It is the purpose of this note to derive a bound for the

elgenvalues of a complex matrix A = (a;j) in terms of e The

i3’
estimate will be derived by constructing an integral equation with
degenerate kernel for which each finite eigenvalue is the reciprocal

of a non-zero eigenvalue of A. 'The precise result is:

Theorem: ILet A = (aij) be an. n x n complex matrix and

xl,xe,...,xn be the eigenvalues of A (aot necessarily distinct) -

but one of which is 4 G, then
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where

n
(3) Qg = Eaf«mbmk’ 13,8 <n,
m=1
with
n - .on
: o (ten pE-1 rioed
() by = (ewel) [] N L
=1 r=1 )

pém . rék

Remark: z(bék) is:a universel matrix in the sense it is

" indepsndent oi' A.

Before wie prove the theorem we shall prove the following.

Lemmg: Congider the integrel equation

(5) o(s) = p j'zzé(s,t) o{t)at

where
n

(6)  K(s,t) = ) 87N, ()

' ‘ £=1 4
with
| n

[ | a(8) = ) gy 8%

3=1

and q,, 1s given by (3). If A #0 4is an eigenvalue of A, ihen

mos= AT is an eigenvaiue of (5).



Proof of Lemm: TFirst vwe note theb
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(8) , jo't q,{t) at =8, 1<j,L<n.
This followsg since
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Case 1l m=j. The J*® term of the sum in m becomes:

n -
843 Z H rn;l *
k=1 1
ﬁs- r#k

If we let



) = || 22X = || X=X
Wn’j(k) =. i p"d > ) q’n,k(x) l r"k. 3
p=1 r=}
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then the above beconmes
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825 L ‘i'n,,j["(k'l)]' ¢n,k[°(3“l)]
k=1
in which ¥ j(x) ig a polynomial of degree < n-1 in x and thus
9 . ‘

¥y, gl=(&-1)1 = B, ()

is a polynomial of' degree =n in k. By the Lagrenge identities .
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Thus:
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Case 2 m# j. For any term, not Jj, of the sum in m we get:

n
(11) Zazm(j+k«l)-1(k+m-l) \?n’m[-(k-l)] cpn’k[-(m-l)].
k:

Note that !

()™ 4y o) = ey 202
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is a polynomial in X of degree < n-2 since m # J and thus
P = § occurs in the product. As in Case 1, since

(3#-1) Hherme1) ¥ - (ke1)]

is a polynomial of degree < n-1 1in k, we get, using the

Lagrange identities that (11) becomes:

(12) & (3 H(mem) ¥, [m] = 0.

Thus couwbining the results for Case 1 and Case 2 above we
get (8).
To complete the proof of the lemma, let X = (xl sEpyens ,xn)T

be an eigenvector of A corresponding to the eigenvalue 1, i.e.

(13) AX = AX.
Iet
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then wo{(s) is # O and is a solution of
os) =27 [ K(est) ot

To see this note that by (6)
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This completes the proof of the lemma.

Proof of theorem: As is well known from the theory of integral

equations all eigenvalueg of
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lie outside the disc

ho il < 2



where
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Thus in particular for
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of (1) we have

max

G
is an eigenvalue of (15) then
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In order to calculate HKH2 note that

(16)

Z z1qz(t) Z k-1

=1

But by (7),
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Thus combining (16), (17) and (18) gives
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which concludes the proof of the theorem.

Example: Ve shall give an estimate, using the above theoremn,

1)

b =6
2= by - -6 12]

Tor the matrix

&
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‘and

2 i L
G (aij) =6u+-§+8=72§%72.w+h .

- Thus A mex = max!‘)\il = G(ai 3) s 8.511 where the actual eigenvalues
- 13 + Ji57

N =T h[mz&sw .

Comparing estimstes with some of the femilar bounds 1] for this.

matrix we see that
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Wl € ) logl = 253
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2 /
1/2
. 2Y7" _
. <( ) lag 1) = 9.02%
1<i,}<2
or
fa] £ nax Ja,.|-2 =16.
WEX T g yen 13

This shous, for this example, that the estimate of the theorem is the

best of the above estimates.
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